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Abstract

It is known that the exponential distribution has many nice properties. Graf and
Luschgy (2000) pointed out that the mean squared error of the set of representative
points of the exponential distribution is fully determined by the smallest representative
point. In this paper we concern with the representative points of the exponential distri-
bution and find a number of new interesting properties. A new algorithm is proposed to
effectively generate representative points of the exponential distribution. In addition,
the performance of representative points of the exponential distribution is evaluated.

Keywords Discrete approximation - Exponential distribution - Mean squared error -
Principal points - Representative points

1 Introduction

The problem of selecting a given number of representative points (RPs for short) which
retain as much information of the population as possible arises in many situations. It
can also be considered as a problem of approximating a continuous distribution by a
discrete distribution. Let X be a univariate random variable with probability density
function (p.d.f.) p(x) and cumulative distribution function (c.d.f.) F(x). We want to
find a discrete random variable ¥ shown as below to represent the continuous random
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ABSTRACT ARTICLE HISTORY
Generating minimum energy points (MEPs) is an optimal solution of many  Received 4 June 2020
real-world problems, such as the selection of best locations for hospitals ~ Accepted 29 May 2021
inside a city that reduce the overcrowding and competition and avoid the

less-populated regions. The key idea is considering these locations as st , :
charged particles with the same sign (ie., repel each other) inside a box glse‘:tprti::mﬁoEtErﬁ:;? 2:239';,"“'
and distribute these points by minimizing the total electric potential  goinotential circles; GensA;
energy (TEPE) among them. The practice demonstrated that most of the  Greedy algorithm; Minimum
existing techniques for generating MEPs are complex, especially for non-  energy points; PSO;
mathematicians. Therefore, the greedy algorithm (GreA) is the classical Representative points
widely used algorithm for its simplicity even though a satisfactory result is

not guaranteed. This paper gives a novel algorithm for generating MEPs ~ MATHEMATICAL SUBJECT
from identically charged particles in 1D, 2D and 3D unit hypercubes. The fmf;{:;;"‘ bie0
results show that the new algorithm distributes the points far away from : o r

each other to reduce the TEPE of the generated MEPs more effectively

than the GreA. The new algorithm is a significant improvement of the

GreA to overcome its unsatisfactory results. Therefore, the new algorithm

in its current form or after some improvements is highly recommended to

be used instead of the GreA for many different applications.
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1. Introduction

Consider the following real-life problem of selecting the best locations to open gas stations in a
new city. How to find the best locations that will avoid the less-populated regions and minimize
the competition among these gas stations? For solving this significant real-life problem, consider
the new city (experimental region) as a box and the locations of the gas stations are points inside
this box. To effectively distribute these points inside this box, consider that these points are
charged particles with the same sign and the charge represents the experimental response
(inversely proportional to the population density). Therefore, these points will repel each other
and try to be as far away as possible from each other. The distributed points will take positions
inside the box so as to minimize the total potential energy in electrodynamics (Thomson's the-
orem, see, €.g., Zhou 1999). These points are called minimum energy points (MEPs). MEPs are
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ABSTRACT

This paper explores the properties of the gap of representative
points (RPs) in the sense of minimum mean square error for various
univariate statistical distributions. We illustrate the relationship
between RPs and doubly truncated mean residual life (DMRL) as well
as mean residual life (MRL), which are widely used in survival ana-
lysis. The limiting behavior of the gap between the largest two RPs
is discussed. In addition, an upper bound of the optimal MSE is
given when the univariate random variable X has a domain on finite
interval. In simulation studies, the performance of RPs for various dis-
tributions is assessed in terms of moment estimation and resampling
technique. A brief discussion about the relationship between the tall
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of the distribution and the gap of RPs is also given. 62E17

1. Introduction

It is often to request to find a discrete distribution to approximate a given continuous
distribution with retaining information as much as possible. Let X be a continuous ran-
dom variable with probability density function f{x) and E(X?) < co. One wants to use a
discrete random variable Y shown in Equation (1) to represent X, where P(Y = y;) =
pi>0i=1...,nand y1 < .. <Y

Y|y1 s (1)
PlPL - Pn

The concept of representative points in the sense of minimum mean square error (MSE
RPs or RPs for short) has been widely used to solve the problem (Cox 1957; Fang and
He 1982; Flury 1990). The representative points are also called principal points (Flury
1990, 1993; Tarpey 1995; Tarpey, Li and Flury 1995) and quantizer (Max 1960; Lloyd
1982; Graf and Luschgy 2007) in the literature. There are many applications of RPs in
signal compression (Max 1960; Lloyd 1982), cluster analysis (Anderberg 1973), statistical
simulation (Fang, Zhou, and Wang 2014; Lemaire, Montes, and Pages 2020), and
numerical integration (Pages 1998; Pagés and Printems 2003; Pages 2015).
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